










Remark Using the change of variable y = x+2s
√
t =⇒ dy = 2√t ds













Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
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To find the value of the constant c we can impose that the found
functions solves (pb1)
It is ut =
4√
pi
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= x2 + 2t
5/20 Pi?
22333ML232
Exercise Solve the Cauchy problemut = uxx x ∈ R, t > 0u(x, 0) = sin x x ∈ R



















































































































y′(t), uxx = −sinx√
pi
y(t)







t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
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y′(t), uxx = −sinx√
pi
y(t)







t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
therefore y(t) =
√
pie−t and then u(x, t) = sin xe−t
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Exercise Solve the Cauchy problem for the heat equationut = uxxu(x, 0) = x2 + x
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where f(x) = x2 + x
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t+ x2 + x
)
thus eliminat-










4s2t+ x2 + x
)

















4s2t+ x2 + x
)

























4s2t+ x2 + x
)

































4s2t+ x2 + x
)
























Hence solution is u(x, t) = 2t+ x2 + x
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General parabolic equations constant coefficients
A linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
Proof. We seek for solution of Eq. (p) of the form































β2h+ 2βhx + hxx
)
so that vt − vxx − avx − bv is
eαteβx
[
ht − (b− α + aβ + β2
)










β2h+ 2βhx + hxx
)
so that vt − vxx − avx − bv is
eαteβx
[
ht − (b− α + aβ + β2
)
h− (a+ 2β)hx − hxx]
so solving with respect to α and βa+ 2β = 0b− α + aβ + β2 = 0
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we find out 





in such a way equation (p) is solved by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t)
if ht = hxx
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Example. Solve the parabolic Cauchy problemut = uxx − 2uxu(x, 0) = xex
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Example. Solve the parabolic Cauchy problemut = uxx − 2uxu(x, 0) = xex
Solution to Cauchy problemut(x, t) = uxx(x, t) + aux(x, t) + bu(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
is










where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)
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where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)















Here a = −2, b = 0 so that we have to solve the initial value problem
for the heat equation ht(x, t) = hxx(x, t)h(x, 0) = x
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Eventually solution to the given problem is
u(x, t) = xex−t
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Solution to Cauchy problemut(x, t) = cuxx(x, t) + aux(x, t) + bu(x, t)
u(x, 0) = f(x)
(Hc)
is








where h(x, t) solves the heat equationht(x, t) = chxx(x, t)h(x, 0) = e a2cxf(x)
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Risolvere il problema ai valori iniziali
ut = uxx + 4uxu(x, 0) = x2e−2x = f(x)
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v(x, t) con v(x, t) soluzione divt = vxxv(x, 0) = ea2xf(x)
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Risolvere il problema ai valori iniziali
ut = uxx + 4uxu(x, 0) = x2e−2x = f(x)










v(x, t) con v(x, t) soluzione divt = vxxv(x, 0) = ea2xf(x)
quindi u(x, t) = e−4t−2xv(x, t) con
vt = vxxv(x, 0) = x2
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con f(x) = x2
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u(x, t) = (x2 + 2t)e−4t−2x
